_ Congruent Figures 


You are working on a puzzle. You've almost finished, except for a few 
pieces of the sky. Place the remaining pieces in the puzzle. How did you 
figure out where to place the pieces? 


They say you can't 
fit a square peg 
into a round hole. 
wonder why 
that is. 


| Congruent figures have the same size and shape. When two figures are congruent, you 
Vocabulary can slide, flip, or turn one so that it fits exactly on the other one, as shown below. In this 


f congruent lesson, you will learn how to determine if geometric figures are congruent. 


polygons 
../_ 


fis = Ga 


Essential Understanding You can determine whether two figures are congruent 
by comparing their corresponding parts, 
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Definition Example 

Congruent polygonshave ge 
congruent corresponding roa > 
parts—their matching sides D c G 1H 
and angles. When you name Asti witeee LAS=LE LBS LF 
congruent polygons, you 240=/G 4D ZH 
must list corresponding 

vertices in the same order. 


Plan LED Finding Congruent Parts K L 
° 

How do you know If HIJK & LMNO, what are the congruent corresponding parts? 4 
which sides and i sa eit H 
angles correspond? Sides: HI= LM I) = MN JK = NO KH=OL N 

ytuence statement U M 
Hi Naa Angles: ZH=2L <I=2M <J=ZN LK=2O 
which parts correspond, 


AMKY, what are the congruent corresponding parts? 


@ Gort? 1. AWY 


Plan FO.) Problem 2) Using Congruent Parts 


‘You mo i ae Multiple Choice ‘The wings of an SR-71 Blackbird aircraft suggest 
measures 2 
How can they help? congruent triangles. What is mZD? 
In the congruent @®D 30 @D 5 @ 105 @D 0 
triangles, <D 
corresponds to <A, = ; 
‘so you know that Think Write 
2D = £A.You can find Use the Triangle Angle 
'mZD by first finding ‘Sum Theorem to write an pa 30 + 75 = 180 
mA. ‘equation involving — 
mA. 
Solve for m2 A. mZA + 105 = 180 


—_—/ mZA = 75 


parts of ps =m2D =75 
Rip eat = ‘The correct answer 
is isB, 


Got It? 2. Suppose that AWYS = AMKV. If mZW = 62 and mZY = 35, whatis 
m2V? Explain. 


[lesson 4-1 Congruent Figures 


Plan Finding Congruent Triangles 


How do you Are the triangles congruent? Justify your answer. 
determine whether ee 
fans aa iase are AB = ED Given 
core eeny BC = DC BC =4=DC 
‘Compare each pair of pea 
corresponding parts fall AC = EC AC = 6 = EC 
piles LA= LE,ZB=ZD_ Given 
congruent. ZBCA = ZDCE Vertical angles are congruent. 
AABC = AEDCby the definition of congruent triangles. D 
@ Got It? 3, Is AABD = ACBD? Justify your answer. xy 
A ¢ 


B 


Recall the Triangle Angle-Sum Theorem: The sum of the measures of the angles in a 
triangle is 180. The next theorem follows from the Triangle Angle-Sum Theorem. 


Theorem If. Then... 
Iftwo angles ofone triangle = 2A = /Dand 2B = ZE 
are congruent to two D 
angles of another triangle, A 
then the third angles are x x 
congruent. B Gz F 
Proof Proof of Theorem 4-1: Third Angles Theorem A D 


Given: 4A = 4D,2B= ZE ran ze 
B CE F 


Prove: 2C = 2F 


Statements Reasons 

1) 4A=2D,24B=2E 1) Given 

2) mZA = mZD,mZB = mZE 2) Def. of = 4 

3) mZA + mZB + mZC = 180, 3) A Angle-Sum ‘Thm. 
mZD + mZE + mZF = 

4) mZA + mZB + MZC = MZD + MZE + MZF 4) Subst. Prop. 

5) mZ2D + mZE + mZC = mZD + MLE + MZF 5) Subst. Prop. 

6) mZC = mZF 6) Subtraction Prop. of = 

N 4C=2F 7) Def.of = & 
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ns ic Proving Triangles Congruent 


Plan 
You know four pairs Given: IM = I0, MN = ON, M 
2M = 20, ZMLN = ZOLN 
Prove: ALMN = ALON oe 
Statements Reasons ° 
congruent sides and a ——— 
third pair of congruent 1) IM=10,™1 1) Given 
angles. 2) IN=IN 2) Reflexive Property of = 
3) 4M=Z0,ZMLN= ZOLN | 3) Given 
4) ZMNL = ZONL 4) Third Angles Theorem 
5) ALMN = ALON 5) Definition of = triangles 
@ Got It? 4. Given: 24 A c 
n SS 
Prove: (AE! D 


Lesson Check 
Do you know HOW? 


Complete the following statements. 


ABAT = AFOR 
2 


3. Given: BAND = LUCK 
a. ZU 
b. DB= 
©. NDBA = 2. 


4. In AMAP and ATIE, 2A = Zl and 2P = ZEB. 
a. What is the relationship between 2M and 2T? 
b. Ifm2ZA = 52 and mZP = 36, whatis mZT? 


Do you UNDERSTAND? 


5. Open-Ended When do you think you might need to 
know that things are congruent in your everyday life? 


6. If each angle in one triangle is congruent to its 
corresponding angle in another triangle, are the two 
triangles congruent? Explain. 


7, Error Analysis Walter sketched the diagram 
below. He claims it shows that the two polygons are 
congruent. What information is missing to support 
his claim? 
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G Practice and Problem-Solving Exercises 


Q practice 8. Construction Builders use the king post truss (below left) for the top ofa simple 49 See Problem 1. 
— structure. In this truss, AABC = AABD. List the congruent corresponding parts. 


A 


Cc 8 D 


9. The attic frame truss (above right) provides open space in the center for storage. In 
this truss, AEFG = AHI. List the congruent corresponding parts. 


ALMC ® ABJK, Complete the congruence statements. M J 

12. B= _2_ 13. 4L= t cK 8 
14. 2K=_2 15. 2M=_2_ 

16. ACML 17. AKBJ 

18. AMLC = _?_ 19. AJKB = 

POLY & SIDE. List each of the following. 

20. four pairs of congruent sides 21. four pairs of congruent angles 

Atan archeological site, the remains of two ancient step pyramids @ See Problem 2. 
are congruent. If ABCD = EFGH, find each of the following. (Diagrams are not 

to scale.) 

22. AD 23. GH 

24. mZGHE 25. mZ BAD 

26. EF 27. BC 

28. mZ DCB 29. mZEFG 


For Exercises 30 and 31, can you conclude that the triangles are congruent? 


Justify your answers. 
30. ATRK and ATUK 341. ASPQ and ATUV 
i 5 v 
R u > 4] \8 
6 T 
Q 7 u 
K 
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© 


32. Given: AB || DC, 8 c 
Proot 

Prove: AABC = ACDA 

A D 

33. If ADEF = ALMN, which of the following must be a correct 

congruence statement? 

@® DE=IN @® LNe=cZF 

@® FE=NL D “M= ZF 


34. Reasoning Randall says he can use the information in the figure 
to prove ABCD = ADAB. Ishe correct? Explain. 


Algebra AABC ® ADEE. Find the measures of the given angles or 
the lengths of the given sides. 


35. mZA = x + 10,mZD = 2x 36. mZB = 3y, mZE = Gy — 12 
37. BC =32+2,EF=2+6 38. AC=7a+5,DF=Sa4+9 


39. Think About a Plan AABC = ADBE. Find the value of x. 
‘* What does it mean for two triangles to be congruent? 
‘* Which angle measures do you already know? 
‘* How can you find the missing angle measure in a triangle? 


Algebra Find the values of the variables. 
40. cM a4. 


3x ‘ie 
A c 
A 4in BL 2tin, K ae 


ABC = AKLM 4 
ACD = ACB 


42. Complete in two different ways: mM Zz 
han She, 
i aN R 


43. Open-Ended Write a congruence statement for 
two triangles. List the congruent sides and angles. 


44. Given: AB 1 AD, BC 1 CD, AB = CD, AD = CB, AB || CD 
Prost Prove: AABD = ACDB 


Qtattense 


45. Given: PR || TQ, PR = TQ, PS = QS, PQ bisects RT P. 
Prove: APRS = AQTS 
46. Writing The 225 cards in Tracy's sports card collection are rectangles T. R 
of three different sizes. How could Tracy quickly sort the cards? 
Coordinate Geometry The vertices of AGHT are G(-2, -1), H(-2, 3), and J(1, 3). Q 
47. AKLM = AGH]. Find KL, LM, and KM, 
48. If L and M have coordinates 1(3, —3) and M(6, —3), how many pairs of coordinates 
are possible for K? Find one such pair. 


49. a. How many quadrilateral (convex and concave) with different shapes or sizes can 2 
you make on a three-by-three geoboard? Sketch them, One is shown at the right. 
b. How many quadrilaterals of each type are there? 


cee 


Standardized Test Prep GRIDDED RESPONSE 


SATIACT 
Se 


50. AHLN = AGST, mZH = 66, and mZS = 42, Whatis mZT? 


51. ‘The measure of one angle in a triangle is 80. The other two angles are congruent. 
What is the measure of each? 


52. Given A(2, —6) and B(—3, 6), whatis AB? 


53. What is the number of feet in the perimeter of a square with side length 7 ft? 


Mixed Review 


Write an equation for the line perpendicular to the given line that contains P. See Lesson 3-8. 
54, P(2,7);y = $x — 2 55. Pl, Isy = 4x + 3 


Find the distance between the points. If necessary, round to the nearest tenth. @ See Lesson 1-7. 
56. A(0, 0), B(4, 3) 57. X(11, 24), ¥(~7, 24) 58. £(1, 12), F(1, —2) 


Get Ready! To prepare for Lesson 4-2, do Exercises 59-61. 


What can you conclude from each diagram? @® See Lessons 1-4 and 3-2. 
60. Pp 61 T 
mM ) 
Q R V : 
N 
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which three sides of one are congruent to three sides of another? 


3. Asa class, choose three different lengths and repeat Steps 1-3. Are 
all the triangles congruent? Does this support your conjecture from 
Question 2? 


A ti ity 2 
Step 1 Use a straightedge to draw and label any AABC on tracing paper. 


Concept Byte 
Use With Lesson 4-2 
Can you use shortcuts to find congruent triangles? Find out by building and 
comparing triangles. 
Aatiysy | 
Step 1 Cutstraws into three pieces of lengths 4 in., 5 in., and 6 in, Thread 
astring through the three pieces of straw. The straw pieces can be 
in any order. 
Step 2 Bring the two ends of the string together to make a triangle. Tie 
the ends to hold your triangle in place. 
Step 3 Compare your triangle with your classmates’ triangles. Try to 
make your triangle fit exactly on top of the other triangles. 
1. Is your triangle congruent to your classmates’ triangles? 
2. Make a Conjecture What seems to be true about two triangles in 
c 

Step 2 Use a ruler. Carefully measure AB and AC. Use a protractor to measure the 

angle between them, A. e 
Step 3 Write the measurements on an index card and swap cards with a classmate. aA B 
Draw a triangle using only your classmate’s measurements. 


Step 4 Compare your new triangle to your classmate’s original AABC. Try to make 
your classmate's ABC fit exactly on top of your new triangle. 


4. Is your new triangle congruent to your classmate’s original ABC? } 


5. Make a Conjecture What seems to be true about two triangles when they have ve 
two congruent sides and a congruent angle between them? oy 
6. Make a Conjecture Atleast how many triangle measurements must you know A B 


in order to guarantee that all triangles built with those measurements will be 
congruent? 


S 


4 


Triangle Congruence 
\ _Z by SSS and SAS 


Objective _ To prove two triangles congruent using the SSS and SAS Postulates 


parts is tiring! 
‘There are quicker 
ways to tell if 
‘two triangles are 
congruent, 


Dynamic Activity\ 
Congruent 
Triangles 


[Getting Ready! 


Are the triangles below congruent? How do you know? 


In the Solve It, you looked for relationships between corresponding sides and 
angles. In Lesson 4-1, you learned that if two triangles have three pairs of congruent 
corresponding angles and three pairs of congruent corresponding sides, then the 
triangles are congruent. 


Ifyou know... 
LFe J IK 
4G= 2K GH = KL 
Pa Ea FA = JL 


G iciiet.4 i 
...then you know AFGH = AJKL. 


However, this is more information about the corresponding parts than you need to 
prove triangles congruent. 


Essential Understanding You can prove that two triangles are congruent 
without having to show that all corresponding parts are congruent. In this lesson, 
you will prove triangles congruent by using (1) three pairs of corresponding sides 
and (2) two pairs of corresponding sides and one pair of corresponding angles. 
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Postulate 4-1  Side-Side-Side (SSS) Postulate 


Postulate If... Then 
If the three sides of one AB = DE, BC = EF, AC = DF SABC 
triangle are congruent to B 
the three sides of another 


ea ae 
triangle, then the two A D \ 
triangles are congruent. a 
Bie F 


As described in Chapter 1, a postulate is an accepted statement of fact. The Side-Side 
Side Postulate is perhaps the most logical fact about triangles. It agrees with the notion 
that triangles are rigid figures; their shape does not change until pressure on their sides 
forces them to break. This rigidity property is important to architects and engineers 
when they build things such as bicycle frames and steel bridges. 


Pp n ) 
Proof ieee Using SSS 


M 


A DEF 


Given: LM = NP, LP = 


You have two pairs 
of congruent sides. Prove: ALMN = A 
What else do you 

need? 

You need a third pair of t ae 
congruent corresponding 
sides. Notice that 
the triangles share a 
common side, IN. 


vPL 


IM = NP IN = iN [P= NM 
Given Reflexive Prop. of Given 
ALMN = ANPL 
$55 : 
8 
@ Got It? 1, Given: BC = BF, CD = FD <> 
Prove: ABCD = ABFD F 
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You can also show relationships 


between a pair of corresponding Ais included B | ree is nies 
sides and an included angle. between BA iribaeae 
and AC. | and 2c. 


‘The word included refers to the 


angles and the sides of a triangle \ 
as shown at the right. \ 


Postulate If... Then... 
Iftwo sides and the AB = DE, 2A = 2D, OABC = ADEF 
included angle of one AC = DF 


IF 
triangle are congruent to B E 
two sides and the included 

angle of another triangle, 

then the two triangles are A D 

congruent. c fF 


You likely have used the properties of the Side-Angle-Side Postulate before. For 
example, SAS can help you determine whether a box will fit through a doorway. 


Suppose you keep your arms at a fixed angle as you move from the box to the doorway. 
‘The triangle you form with the box is congruent to the triangle you form with the 
doorway. The two triangles are congruent because two sides and the included angle of 
one triangle are congruent to the two sides and the included angle of the other triangle. 
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Using SAS 


E F 
Do you need another | What other information do you need to prove 
pair of congruent ADEF & AFGD by SAS? Explain. 
sides? = ——— 
Look at the diagram. ‘The diagram shows that EF = GD. Also, DF = DF by 
The triangles share DF. the Reflexive Property of Congruence. To prove that 
So you already have two ADEF = AFGD by SAS, you must have congruent 

pairs of congruent sides. included angles. You need to know that ZEFD = 2 GDF. D G 
@ Got I? 2. What other information do you need to prove t . 

ALEB = ABNL by SAS? 
N 
A BC D 


B 


Recall that, in Lesson 1-6, you learned to construct 
segments using a compass open to a fixed angle. Now 
you can show that it works, Similar to the situation with 
the box and the doorway, the Side-Angle-Side Postulate 
tells you that the triangles outlined at the right are 
congruent. So, AB 


g ED Identifying Congruent Triangles 


Would you use SSS or SAS to prove the triangles congruent? If there is not enough 
information to prove the triangles congruent by SSS or SAS, write not enough 


Plan 
information. Explain your answer. 
What should you vf aati 
look for first, sides or Lay 18) 
angles? 
Start with sides, If you 
have three pairs 
congruent sides, use SSS, 
If you have two pairs of Use SAS because two pairs of ‘There is not enough information; two pairs of 
congruent sides, look corresponding sides and their included corresponding sides are congruent, but one 
for a pair of congruent angles are congruent. of the angles is not the included angle. 
luded angles. 
; wae Dy ° Be % 
Use SSS because three pairs of Use SSS or SAS because all three pairs of 
corresponding sides are congruent. corresponding sides and a pair of included 


angles (the vertical angles) are congruent. 


Got It? 3. Would you use SSS or SAS to prove the triangles at the 
right congruent? Explain. 


fowerGeometr 


igle Congruence by Ss: 


7) Lesson Check 


Do you know HOW? Do you UNDERSTAND? 
1. In APEN, name the angle that is included between 5. Compare and Contrast How are the SSS Postulate 
the given sides, and the SAS Postulate alike? How are they different? 
a. PE and E b. NP and PE 6. Error Analysis Your friend thinks that the triangles 
2. In AHAT, between which sides is the given angle shown below are congruent by SAS. Is your friend 
included? correct? Explain, 
a. 4H b. ZT 


Name the postulate you would use to prove the 
triangles congruent. 


3. 4, 


Pal 


Reasoning A carpenter trims a triangular peak 
ofa house with three 7-ft pieces of molding. The 
carpenter uses 21 ft of molding to trim a second 
triangular peak. Are the two triangles formed 
congruent? Explain. 


@® Practice and Problem-Solving Exercises 


Q practice 8, Developing Proof Copy and complete the M @ See Problem 1. 
flow proof. 
Ss p L 
Given: JK = IM, JM = LK J 
Prove: AJKM = ALMK K 
SK =(M JM = LK 
Given at 
Geremusee 
SSS 


10. Given: WZ = ZS = SD = DW 
the midpoint of GI Proof Prove: AWZD = ASDZ 
= AHFG w 
E G 
as E ca z — = D 
i H r 
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What other information, if any, do you need to prove the two triangles 
congruent by SAS? Explain. 


11. 


Would you use SSS or SAS to prove the triangles congruent? If there is not 
enough information to prove the triangles congruent by SSS or SAS, write 
enough information. Explain your answer. 


13. p 


15. Think About 


n You and a friend are cutting triangles out of felt for 


@® See Problem 2. 


12. 
pe, 
. 
Pel , 
5 OY 


@ See Problem 3, 
not 


14, A 
R 
2 8 D 
T 
s c 


an art 


project. You want all the triangles to be congruent. Your friend tells you that each 
triangle should have two 5-in. sides and a 40° angle. If you follow this rule, will all 


your felt triangles be congruent? Explain. 
* How can you use diagrams to help you? 


‘* Which postulate, $SS or SAS, are you likely to apply to the given situation? 


16. Given: BC = DA, CBD = ZADB 17, Given: Xis the midpoint of AG and NR. 


Prove: ABCD = ADAB Preet prove: AANX = 


AGRX 


c D a 
x R 
N 
8 A 6 


Use the Distance Formula to determine whether AABC and ADEF are 
congruent, Justify your answer, 


18. A(1, 4), B(5, 5), C(2, 2); 19. A(3, 8), B(8, 12), C(10, 5); 20. A(2, 9), B(2, 4), C(5, 4); 


D(—5, 1), E(-1, 0), F(~4, 3) D(3, —1), E(7, ~7), F2, ~2) 


D(L, -3), EQ, 2), F(—2, 2) 


21. Writing List three real-life uses of congruent triangles. For each real-life use, 


describe why you think congruence is necessary. 


ek | Lesson 4-2 
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22, Sierpinski's Triangle Sierpinski’s triangle is a famous 
geometric pattern. To draw Sierpinski’s triangle, start with 
a single triangle and connect the midpoints of the sides 
to draw a smaller triangle. If you repeat this pattern over 
and over, you will form a figure like the one shown. This 
particular figure started with an isosceles triangle. Are the 
triangles outlined in red congruent? Explain, 


23. Constructions Use a straightedge to draw any triangle 
JKL. Then construct AMNP = AJKL using the 
given postulate, 
a. SSS 
b. SAS 


A 


Can you prove the triangles congruent? If so, write the congruence statement 
and name the postulate you would use. If not, write not enough information and 
tell what other information you would need. 


24. 4 6 25. y k 26. J 5 
A T Le 
" Ve H P E F v 
Pa D T 


27, Reasoning Suppose GH = JK, HI = KZ, and ZI = ZL.1s AGHI congruent to 


AJKL? Explain. 
28. Given: GK bisects 2JGM, GJ = GM 29, Given: AE and BD bisect each other. 
Prove: AGIK = AGMK °°! Prove: AACB = AECD 


NO 
iq 

D E 
31, Given: 1B. CW, AB 1 DB, CW 


Proof Mis the midpoint of AB 
Prove: AAMC = AMBD 


8 
c 
M 
A 
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Q@chattenge 32. Reasoning Four sides of polygon ABCD are congruent, respectively, to the four 
= sides of polygon EFGH. Are ABCD and EFGH congruent? Is a quadrilateral a rigid 
figure? If not, what could you add to make it a rigid figure? Explain. 


33. Given: HK = LG, HF = LJ, FG = JK 34, Given: 2N = ZL, MN = OL, NO = 1M 
Prove: AFGH = AJKL Pr°9! prove: MN|| OL 


F 
G L 
0 
J 


Standardized Test Prep 


SATIACT 35. What additional information do you need to prove that ¥ 
AVWY = AVWZ by SAS? 
@® Yw=Zw @4y=4z v w 
@® ewy = zwvz Dv 7 


36. The measures of two angles of a triangle are 43 and 38. What is the 
measure of the third angle? 


ws @si ws D 100 


37. Which method would you use to find the inverse of a conditional statement? 


@® Switch the hypothesis and conclusion. ® Negate the conclusion only. 
® Negate the hypothesis only. @D Negate both the hypothesis and conclusion, 
Short 38. A segment has a midpoint at (1, 1) and an endpoint at (—3, 4), What are the 
(Response coordinates of the other endpoint of the segment? Show your work. 
Mixed Re 
ABCD & EFGH, Name the angle or side that corresponds to each part. @ See Lesson 4-1, 
39. 2A 40. EF 41. BC 42. 2G 


Write the converse of each statement. Determine whether the statement and its — @_ See Lesson 2-2. 
converse are true or false. 


43. Ifx = 3, then 2x = 6. 44, fx = 3, then 2 = 9, 
Get Ready! To prepare for Lesson 4-3, do Exercises 45 and 46. 


45. In AJHK, name the side that is included between 2J and 2H. @ See Lesson 4-2, 
46. in ANLM, name the angle that is included beween NM and LN. 
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You've gotten 
the hang of SSS 
and SAS now. 
But, there are 
other ways to 
prove triangles 
congruent. It's 
time for the 
angles to playa 
bigger role. 


Triangle Congruence 
by ASA and AAS 


Objective To prove two triangles congruent using the ASA Postulate and the AAS Theorem 


Oh nol The school's photocopier is not working correctly, The copies all 
have some ink missing. Below are two photocopies of the same geometry 
worksheet, Which triangles are congruent? How do you know? 


You already know that triangles are congruent if two pairs of sides and the included 
angles are congruent (SAS). You can also prove triangles congruent using other 
groupings of angles and sides. 


Essential Understanding You can prove that two triangles are congruent 
without having to show that all corresponding parts are congruent. In this lesson, you 
will prove triangles congruent by using one pair of corresponding sides and two pairs 
of corresponding angles. 


Postulate if... 
If two angles and the 2A 2D, AC ® DF, 
included side of one triangle LC = 2F 


are congruent to two angles 
and the included side of 
another triangle, then the 
two triangles are congruent. 
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ro} Eom» Using ASA 


Which two triangles are congruent by ASA? Explain. ° N 
From the diagram you know 
°4U=2E=2T E 
+2V=20=2W 
CUE cy 5 v T ry 
Need Plan 
To use ASA, you need two pairs You already have pairs of congruent angles. So, 
of congruent angles and a pair of identify the included side for each triangle and see 
included congruent sides. whether it has a congruence marking, 


In ASUV, UV isincluded between 2U and 2 V and has a congruence marking. In 
is included between 2 and ZO and has a congruence marking. In ATW, 


TW is included between 2T and 2 W but does not have a congruence marking. 


Since 2U = 2E, UV = EO, and 2V = 20, ASUV = ANEO. 
@ Got It? 1. Which two triangles are congruent H F c 
by ASA? Explain. 
— Ff zh Pe 
N 


proct eC) Writing a Proof Using ASA 


Recreation Members of a teen organization are building 
a miniature golf course at your town’s youth center. The 
design plan calls for the first hole to have two congruent 
triangular bumpers. Prove that the bumpers on the first 
hole, shown at the right, meet the conditions of the plan. 


Plan Given: AB = DE, 2A = 2D, ZBand ZE are right angles 
Can you use a plan 
similar to the plan in Prove: AABC = ADEF 
Problem 1? 
Yee lethedigant Proof: /.B = /E because all right angles are congruent, 
identify the included side and you are given that 2A = 2D. AB and DE are 
for the marked angles in included sides between the two pairs of congruent 
P: 2 

each triangle. =a 

angles. You are given that AB = DE. Thus, 


ABC = ADEF by ASA. 
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@ Got It? 2. Given: 2. CAB = 2DAE, BA = FA, c D 
2B and ZE are right angles 
Prove: AABC = AAED A 


You can also prove triangles congruent by using two angles and a nonincluded side, as 
stated in the theorem below. 


Theorem if... Then... 
If two angles anda 2A=2D,2B= ZE, AABC = ADEF 
nonincluded side of one AC = DF 


triangle are congruent to two 


8 
angles and the corresponding 
nonincluded side of another c F 
triangle, then the triangles are A 3 P| 
E 


congruent. 


Proof Proof of Theorem 4-2: Angle-Angle-Side Theorem 


Given: 2A = 2D, 2B = 2E,AC = DF 


B 

Prove: AABC = ADEF Lo F 
£A=2D A cn 
E 


Given 
eC=éF 
Third Angles Theorem 
Ba zeE 
Given 
ABC = ADEF 
a ASA 
AC = DF 
Given 


You have seen and used three methods of proof in this book—two-column, paragraph, 
and flow proof. Each method is equally as valid as the others. Unless told otherwise, 
you can choose any of the three methods to write a proof. Just be sure your proof always 
presents logical reasoning with justification, 
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Plan Proof eeu Writing a Proof Using AAS M R 


help? 
‘You will need another 


pair of congruent angles 
to use AAS, Think back 


Think 

Can you eliminate 
any of the choices? 
Yes. If ABIF et AUTO 
‘then <B and 2 U would 
be corresponding angles. 
You can eliminate 
choice D. 


Given: 2M = ZK, WM|| RK 

Prove: AWMR = ARKW w K 
Statements Reasons 

4) 2M= ZK 1) Given 

2) WM || RK 2) Given 

3) MWR = KRW 3) Iflines are |), then alternate interior 4 are 

4) WR= WR 4) Reflexive Property of Congruence 


5) AWMR = ARKW 


@ Gor it? 3. a. Given: /s 
Prove: ASRP 


b. Reasoning In Problem 3, how could you prove 
that AWMR = ARKW by ASA? Explain, 


5) AAS 


ZQ, RP bisects SRQ 


= AQRP 


g Lee) Determining Whether Triangles Are Congruent 


to the question, “Is ABIF = 


satisfy ASA or AAS. 


Multiple Choice Use the diagram at the right. Which of the 
following statements best represents the answer and justification 


AUTO?” 


@® Yes, the triangles are congruent by ASA. 

@® No, FB and OT are not corresponding sides. 
©} Yes, the triangles are congruent by AAS. 

D No, 2Band ZU are not corresponding angles, 


‘The diagram shows that two pairs of angles and one pair of sides 
are congruent. The third pair of angles are congruent by the Third 
Angles Theorem. To prove these triangles congruent, you need to 


ASA and AAS both fail because FB and TO are not included ° 
between the same pair of congruent corresponding angles, so they 

are not corresponding sides. The triangles are not necessarily 

congruent, The correct answer is B, 


F 


i) Got It? 4, Are APAR and ASIR congruent? Explain. 1 


IN 
IN. 


| 
<> 
R 


[Lesson 
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7) Lesson Check 


Do you know HOW? 


1. In ARST, which side is included between 
ZR and 2S? 


2. In ANOM, NO is included between which angles? 


Which postulate or theorem could you use to prove 
AABC = ADEF? 


3A D 
Qe cat” 
8 t 
4A BE D 
Cr 


Do you UNDERSTAND? 


5. Compare and Contrast How are the ASA Postulate 
and the SAS Postulate alike? How are they different? 


6. Error Analysis Your friend asks you for help on a 
geometry exercise, Below is your friend's paper. What 
error did your friend make? Explain. 


7. Reasoning Suppose 2E = /I and FE = Gl. 
What else must you know in order to prove 
AFDE = AGHI by ASA? By AAS? 


e@ Practice and Problem-Solving Exercises 


A] Practice 


Given: 2LKM = 2JKM, 
2LMK = ZJMK 
Prove: ALKM = AJKM 


Proof: 2LKM = 2JKM and 


Name two triangles that are congruent by ASA. 
Bp 0 3 ies w 
: 
< Vv 
R T 


10. Developing Proof Complete the paragraph proof by filling in the blanks. 


@ See Problem 1. 


@ See Problem 2. 


<LMK = ZJMK are given. KM = KM by the 


a. _?_ Property of Congruence. So, ALKM = AJKM by b. 


11, Given: 2 BAC = ZDAC, 
AC 1 BD 
Prove: AABC = AADC 
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8 12. Given: QR 7 Q R 
Proof —— 
c || TS 
Prove: AQRT = ATSQ 
. 5 T 


Q -rely 


« 


13. Developing Proof Complete the two-column proof by filling in the blanks. @ See Problem 3. 


Given: 2N= <S, N € R 
line € bisects TR at Q 
Prove: ANQT = ASQR F Q J 
Statements Reasons 
1) 4N= 2S 1) Given 
2) ZNQT = ZSQR 2) a. 
3) Line ¢ bisects TR at Q. 3) b. 
4a 4) Definition of bisect 
5) ANQT= ASQR 5) d.? 
14. Given: ZV = ZY, 15. Given: PQ | QS, RS 1 SQ, 
WZ bisects 2 VWY ve Tis the midpoint of PR 
Prove: AVWZ = AYWZ Prove: APQT = ARST 
w R 
ART 1 
Li s 
v ¥ 
é P 
Determine whether the triangles must be congruent. If so, name the postulate @ See Problem 4, 
or theorem that justifies your answer. If not, explain. 
16. i T 8 oy w 
U 
R 
s 
z ¥ 
19. Giver 20. Given: / FIG = 2 HG], FG || JA 
Prove: AMON = AQOP Prove: AFG) = AHIG 
M F, G 
N 
Oo 
Pp 
Q 4 . 


Congruence by ASA and AAS 


21. Think About a Plan While helping your family clean out 
the attic, you find the piece of paper shown at the right. 
‘The paper contains clues to locate a time capsule buried 
in your backyard. The maple tree is due east of the oak 
tree in your backyard. Will the clues always lead you to 
the correct spot? Explain. 
© How can you use a diagram to help you? 
© What type of geometric figure do the paths and the 

marked line form? 
* How does the position of the marked line relate to the 
positions of the angles? 


22. Constructions Use a straightedge to draw a triangle. Label 
it AJKL, Construct AMNP = AJKL so that the triangles are 
congruent by ASA, 


23. Reasoning Can you prove that the triangles at the right are congruent? Justify your 
answer. 


24. Writing Anita says that you can rewrite any proof that uses the AAS Theorem as a 
proof that uses the ASA Postulate. Do you agree with Anita? Explain. 


25. Given: AE || BD, AE = BD, 26. Given: 41 = /2,and 
LE= 2D os DH bisects 2 BDF. 
Prove: \AEB = ABDC Prove: \BDH = AFDH 
D 


27. Draw a Diagram Draw two noncongruent triangles that have two pairs of 
congruent angles and one pair of congruent sides, 


28. Given: AB || DC, AD || BC A 8 
Pr0ot prove: AABC = ACDA i 
D (a 
Qctattense 29. Given AD || BC and AB || DC, name as many pairs of congruent B 


c 
triangles as you can. Sa 
30. Constructions In ARST at the right, R Pa 


RS = 5, RT = 9, and mZT = 30. Show A D 
that there is no SSA congruence rule by 9 

constructing AUVW with UV = RS, 5 

UW = RT, and mZW = mZT, butwith 

AUVW # ARST. s T 
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31. Probability Below are six statements about the triangles at the right. A 


LA= LX ZB=LY  LC=LZ oe 


AB = XY AC = XZ BC = YZ x 8 c 
‘There are 20 ways to choose a group of three statements from these six. 
What is the probability that three statements chosen at random from the 
six will guarantee that the triangles are congruent? y } 
Standardized Test Prep 
SATIACT 32, Suppose RT = ND and /R = ZN. What additional information do you need to 
based prove that ART] = ANDF by ASA? 
@zT=2zD @®DA=LF © 4=2D DM ZT=2F 


33. You plan to make a2 ft-by-3 ft rectangular poster of class trip photos. Each photo is 
a4 in.-by-6 in. rectangle. If the photos do not overlap, what is the greatest number 
of photos you can fit on your poster? 


Qt @4 Dx D3 
34, Which of the following figures is a concave polygon? 


"LYVCTPLA TO 


Short 35. Write the converse of the true conditional statement below. Then determine 
\eewonss whether the converse is true or false. 


Ifyou are less than 18 years old, then you are too young to vote in the United States. 


ixed Review 


Would you use SSS or SAS to prove the triangles congruent? Explain, @ See Lesson 4-2. 


36. L 37. p R 
IWAN Dad 
N M T s 
Get Ready! To prepare for Lesson 4-4, do Exercises 38 and 39. 


For ATIC = ALOK, list the indicated parts. @ See Lesson 4-1. 


38. congruent corresponding angles 39. congruent corresponding sides 


Lesson 4-3 Triangle Congruence by ASA and AAS 241 


Concept Byte 


Use With Lesson 4-3 


So far, you know four ways to conclude that two triangles are congruent—SSS, SAS, 
ASA, and AAS, Itis good mathematics to wonder about the other two possibilities. 


Activity | 
Construct Use geometry software to construct AB and AC. Construct BC to 
form AABC. Construct line parallel to BC that intersects AB and AC at 
points D and Eto form ADE. 
Investigate Are the three angles of AABC congruent to the three angles of 
AADE? Manipulate the figure to change the positions of DE and BC. Do the 


corresponding angles of the triangles remain congruent? Are the two triangles 
congruent? Can the two triangles be congruent? 


ity 2 
Construct Construct AB. Draw a circle with center C that intersects AB at two 
points, Construct AC, Construct point on the circle and construct Cl 


Investigate Move point E around the circle until Eis on AB and forms 


AACE. Then move E on the circle to the other point on AB to form 
another AACE. 


Compare AC, CE, and mA in the two triangles. Are two sides and a 
nonincluded angle of one triangle congruent to two sides and a nonincluded 
angle of the other triangle? Are the triangles congruent? If you change the 
measure of 2A and the size of the circle, do you get the same results? 


Exercises 
1. Make a Conjecture Based on your first investigation above, can you prove 
triangles congruent using AAA? Explain. 
For Exercises 2-4, use what you learned in your second investigation above. 
2. Make a Conjecture Can you prove triangles congruent using SSA? Explain. 


3. Manipulate the figure so that ZA is obtuse. Can the circle intersect AB twice to 
form two triangles? Would SSA work if the congruent angles are obtuse? Explain. 


4. Suppose you are given CE, AC, and 2A. What must be true about CE, AC, and 
mZA so that you can construct exactly one A ACE? (Hint: Consider cases.) 
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/ | Mid-Chapter Qu elton 
~ * 


Do you know HOW? Determine what other information you need to 
1. ARST = AJKL. List the three pairs of congruent Prove the two triangles congruent. Then write the 
corresponding sides and the three pairs of congruent congruence statement and name the postulate or 
cittesponding ensles: theorem you would use. 
15.4 B 16A 
LMNO © PQRS. Name the angle or side that 2 
corresponds to the given part. 7) % 
== F 
28S 3. ZL D C a ¢ \ 
4.2Q 5. MN 
17. Constructions Construct ALMN Q 
State the postulate or theorem you can use to prove congruent to A PQR using SSS. 5 
the triangles congruent. If you do not have enough I, 
information to prove the triangles congruent, write not 
enough information. 
; Do you UNDERSTAND? 


5 7. — 
18, Given: 4A = ZD, Ois the midpoint of AD 
Prove: AAOB = ADOC 
A Cc 
8. 9. 
yw 19. Given: AB = BC = CD = DA, 
2A, 2B, 2C, and 2D are right angles 


Prove: AABC = ACDA 


D Cc 
Use the diagram below. Tell why each statement is true. 
12. JH= ZK L k 20. Reasoning Three segments form a triangle. ‘How 
many unique triangles can you construct using the 
13. ZHNL = ZKNJ N same three segments? Using the same three angles? 
14, AHNL = AKN] Explain. 
H 21. Open-Ended Write a congruency postulate for 
J quadrilaterals. Does your postulate always hold 


true? Explain. 
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) Using Corresponding Parts 
of Congruent Triangles 


Is AABC congruent to AGHI? How do you know? 


A 


Now you know four 


ways to prove 
triangles congruent. 


D 


Objective To use triangle congruence and corresponding parts of congruent triangles 
to prove that parts of two triangles are congruent 


With SSS, SAS, ASA, and AAS, you know how to use three congruent parts of two 
triangles to show that the triangles are congruent. Once you know that two triangles are 
congruent, you can make conclusions about their other corresponding parts because, 
by definition, corresponding parts of congruent triangles are congruent. 


Essential Understanding Ifyou know two triangles are congruent, then you 
know that every pair of their corresponding parts is also congruent. 


Proof 
In the diagram, which Given: 2KBC = ZACB, 4K = ZA 
congruent pair is not cigpea 
marked? Prove: KB = AC 
The third angles of both — 
triangles are congruent. LKBC= LACB BC = BC 
But there is no AAA Given Reflexive Property of = 
congruence rule. So, find 
ears 
score e 2K=LA AKBC= AACB 
Given AAS Theorem 
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Proving Parts of Triangles Congruent 


KB = AC 
Corresp, parts of = 


Aare 


oak ek) Proving Triangle Parts Congruent to Measure Distance 

Measurement Thales, a Greek philosopher, is said to have developed a method 
to measure the distance to a ship at sea, He made a compass by nailing two sticks 
together. Standing on top of a tower, he would hold one stick vertical and tilt the 
other until he could see the ship S along the line of the tilted stick. With this compass 

Plan setting, he would find a landmark L on the shore along the line of the tilted stick. 
How far would the ship be from the base of the tower? 

‘Which congruency 

rule can you use? Given: 2 TRS and ZTRL are right angles, 2RTS = ZRTL 

‘You have information — 

about two pairs of Prove: RS = RL 

angles. Guess-and- 

check AAS and ASA. 


Statements Reasons 
Y) ZRTS = ZRTL 1) Given 
2) TR= TR 2) Reflexive Property of Congruence 
3) ZTRSand ZTRL are right angles. 3) Given 
4) 2TRS = TRL 4) Allright angles are congruent, 


5) ASA Postulate 
6) Corresponding parts of = A are =. 


‘The distance between the ship and the base of the tower would be the same as the 
distance between the base of the tower and the landmark. 


i) Got It? 2. a. Given: AB = AC, Mis the midpoint of BC é 
Prove: 4AMB = 4AMC M A 
b. Reasoning Ifthe landmarkwere notatsealevel, 


would the method in Problem 2 work? Explain, 
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(7) Lesson Check 


Do you know HOW? Do you UNDERSTAND? 

Name the postulate or theorem that you can use to 3. Reasoning How does the fact that corresponding 
show the triangles are congruent. Then explain why the parts of congruent triangles are congruent relate to 
statement is true. the definition of congruent triangles? 


T 4. Error Analysis Find and K M 


correct the error(s) in 
the proof. 
L N 


Given: KH = NH, 2L = 2M 

Prove: His the midpoint of LM. 

Proof: WA because it is given. 2L = 2M 
because it is given. 7 KHL = 2 NHM because vertical 
angles are congruent. So, AKHL = AMHN by ASA 
Postulate. Since corresponding parts of congruent 
triangles are congruent, LH = MH. By the definition 
of midpoint, His the midpoint of LM. 


2.24U=2E 


re) Practice and Problem-Solving Exercises 


L M 
Practice 5, Developing Proof Tell why the two triangles are @ See Problem 1. 
congruent. Give the congruence statement. Then 
list all the other corresponding parts of the triangles x a) 


that are congruent. JON 
6, Given: 2 ABD 7. Given: OM RO @® See Problem 2. 
Prost ZBDA "°°! Prove: 2M 
Prove: AB = CB ° 
B 
A (3 M R 
E 
D 
8, Developing Proof A balalaika is a stringed instrument. Prove 
that the bases of the balalaikas are congruent. 
Proof: It is given that two angles and the included side of one ‘ 
triangle are congruent to two angles and the included side of the 
other. So, a._?_ = AJNY byb. = JY because ¢. 
K Ad 
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© erly 9. Given: /SPT = ZOPT, 10. Given: YT 
= Proot SP = OP Proof LT=ZP 
Prove: 4S = 40 


Prove: CT = RP 
Ss T te) ¢ R 
| b , aN 
P T P 
Reasoning Copy and mark the figure to show the given information. 
Explain how you would prove ZP = Z.Q. 


~ 


11. Given: PK = QK, 


bisects 2 PKQ 


12. Given: KZ is the perpendicular bisector of PQ. 


13. Given: 


L 1 PQ, KL bisects 2PKQ 


14, Think About a Plan ‘The construction of a line perpendicular to line ¢ ¢ 
through point P on line ¢ is shown. Explain why you can conclude that CP 
is perpendicular to ¢. 
© How can you use congruent triangles to justify the construction? é 
* Which lengths or distances are equal by construction? A P 


Given: BA = BC, BD bisects 2ABC 16. Given: ¢ 1 AB, ¢ bisects AB at C, 
Prove: BD | AC, BD bisects AC = ison ¢ 
B Prove: PA = PB 


ay 


17, Constructions The construction of 2 B congruent to given ¢ 
ZA is shown. AD = BF because they are congruent radii. 


DC = FE because both arcs have the same compass settings. 
Explain why you can conclude that 2A = 2B. 


A iD” 8B F 
18. Given: BE 1 AC, DF 1 AC, 19. Given: JK || QP, 


Prove: KQ bisects JP. 
K 
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20. Designs Rangoli is a colorful design pattern drawn outside houses 
in India, especially during festivals. Vina plans to use the pattern at 
the right as the base of her design. In this pattern, RU, SV, and QT 
bisect each other at O. RS = 6, RU = 12, RU = SV, ST || RU, and 
RS || QT. What is the perimeter of the hexagon? 


Qratense In the diagram at the right, BA & KA and BE = KE. kK 
ras Prove: Sis the midpoint of BK. ‘a é 
22, Prove: BK | AE 
Proof y 


Standardized Test Prep 


IDDED RESPONSE 


SATIACT For Exercises 23 and 24, use the diagram at the right. TM | BDand 


bad BoA _M_ Cc _ OD 
TM bisects BD and ZATC. 
23. Suppose BD = 17 and AM = 5. Whatis the length of CD? 
24. Suppose mZATC = 64, and mZBTA = 16.Whatis m2B? 
T 


25. Two parallel lines q and s are cut by a transversal f. 21 and 22 are 
a pair of alternate interior angles and m22 = 38. 21 and 23 are vertical angles. 
Whatis m23? 


26. AABC has vertices A(1, 9), B(4, 3), and C(.x, 6). For what value of xis A ABC a right 
triangle with right /B? 


Mixed Review 


For Exercises 27 and 28, tell the postulate or theorem that you can use to prove @ See Lesson 4-3. 
the triangles congruent. 


Get Ready! To prepare for Lesson 4-5, do Exercises 29-32. @ See Lesson 3-5. 
29. Whatis the side opposite 2 ABC? 


30. What is the angle opposite side AB? 


31. What is the angle opposite side BC? 
32. Find the value of x. A c 
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A 


Concept Byte 
Use With Lesson 4-5 

Isosceles triangles have two congruent sides, Folding one of the sides onto the other 

will suggest another important property of isosceles triangles. 

A ti ity 1 

Step 1 Construct an isosceles A ABC on tracing paper, with AC = BC. 
ic G 
x 

A BOA BOA 8 
Step 2 Fold the paper so the two congruent sides fit exactly one on top of the other. 
Crease the paper. Label the intersection of the fold line and AB as point D. 
41. What do you notice about 2A and 2B? Compare your results with others. Make a \/ 


conjecture about the angles opposite the congruent sides in an isosceles triangle. Sc 


2. a. Study the fold line CD and the base AB, What type of angles are 2CDA and 2 CDB? RS 
How do AD and BD seem to be related? 
b, Use your answers to part (a) to complete the conjecture: 
‘The fold line CD isthe _?_ of the base AB of isosceles ABC. 


Aatiyiy2 
In Activity 1, you made a conjecture about angles opposite the congruent sides of a 
triangle, You can also fold paper to study whether the converse is true. ( : 
Step 1 On tracing paper, draw acute angle Fand one side FG. Construct 2G as shown, F fos 
sothat 4G = ZF. 
Step 2 Fold the paper so 2F and ZG fit exactly one on top of the other, 


3. Why do sides 1 and 2 meet at point 1 on the fold line? Make a conjecture about 
sides FH and GH opposite congruent angles in a triangle, 


4. Write your conjectures from Questions 1 and 3 as a biconditional, 


Concept Byte Paper Folding Conjectures 


lA) 
pa 
You may think 
identifying 
isosceles and 
equilateral 
triangles is old 
news! Get ready 
‘to see them ina 
new light. 


Se Dynamic Activity \ 
Re Isosceles and 


Equilateral 
Triangles 


Lesson ) 
Vocabulary 


legs of an 
isosceles triangle 
* base of an 
isosceles triangle 
* vertex angle 
of an isosceles 
triangle 
* base angles of an 
isosceles triangle 
* corollary 


Isosceles and 
Equilateral Triangles 


Objective To use and apply properties of isosceles and equilateral triangles 


> 
our Getting Ready! 


The triangles of the same color are congruent. Arrange the triangles 
to form one large triangle. You must use all the pieces. Make a sketch 
of this triangle. Classify this triangle by its sides. What are the angle 
measures of this triangle? Explain. 


In the Solve It, you classified a triangle based on the lengths of its sides. You can also 
identify certain triangles based on information about their angles. In this lesson, you 
will learn how to use and apply properties of isosceles and equilateral triangles. 


Essential Understanding ‘the angles and sides of isosceles and equilateral 


wiangles have special relationships. Vertex angle 
4 


Isosceles triangles are common in the real world. You can frequently 
see them in structures such as bridges and buildings, as well as in art eg 
and design. The congruent sides of an isosceles triangle are its legs. ‘i 

ase 


‘The third side is the base. The two congruent legs form the vertex 


angle. The other two angles are the base angles. Base angles 
Theorem 4-3 Isosceles Triangle Theorem | 
Theorem fe. Then... 
If wo sides of a triangle are AC = BC c LA= 2B c 
congruent, then the angles 
opposite those sides are 
congruent. A B A B 
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Think 

What are you looking 
for in the diagram? 
To use the Isosceles 
Triangle Theorems, you 
‘need a pair of congruent 
angles or a pair of 
congruent sides. 


‘The proof of the Isosceles Triangle Theorem requires an auxiliary line. 


Proof Proof of Theorem 4-3 


Begin with isosceles AXYZ with XY 
the vertex angle 2 YXZ. 


isosceles Triangle Theorem x 


Z.. Draw XB, the bisector of 


Proof: XY = XZ is given. By the definition of angle bisector, 21 = 22. By the Reflexive 
Property of Congruence, XB = XB. So by the SAS Postulate, AXYB = AXZB. 


ZY = ZZ since corresponding parts of congruent triangles are congruent. 


Theorem 
Iftwo angles of a triangle 
are congruent, then the 
sides opposite those angles 
are congruent. 


You will prove Theorem 4-4 in Exercise 23. 


OF problem 1) Using the Isosceles Triangle Theorems 


Oils AB congruent to CB? Explain. 8 


Yes. Since 1C = A, AB = CB by the Converse of the 
Isosceles Triangle Theorem. D 


is ZA congruent to ZDEA? Explain. 
Yes, Since AD = ED, 2A = ZDEA by the Isosceles 


‘Triangle Theorem. A : 5 
Got It? 1. a. Is 2WVS congruent to 2S? Is TR congruent to TS? Explain. T 
b. Reasoning Can you conclude that A RUV is isosceles? u 
Explain. Ww 
R vos 


An isosceles triangle has a certain type of symmetry about a line through its vertex 
angle. The theorems in this lesson suggest this symmetry, which you will study in 
greater detail in Lesson 9-4. 


Think 


What does the 
diagram tell you? 
Since AB = CB, AABC 
is isosceles. Since 
ZABD = £CBD, BD 
bisects the vertex angle 
of the isosceles triangle. 


e Got It? 2. Suppose mA = 27. Whatis the value of x? 


Theorem If... c Then... c 


Ifa line bisects the vertex AC = BC and CD 1 ABand 

angle of an isosceles ZACD = ZBCD AD = BD 

triangle, then the line is 

also the perpendicular AD 8 AD 8B 
bisector of the base. 


You will prove Theorem 4-5 in Exercise 26. 


Using Algebra GRIDDED RESPONSE 


What is the value of x? A 


Since AB = CB, by the Isosceles Triangle Theorem, 
2A = 2C.SomZC = 54. 


Since BD bisects ZABC, you know by Theorem 4-5 
that BD 1 AC.So mZBDC = 90. 
mZC + mZBDC + mZDBC = 180 _ Triangle Angle-Sum Theorem 
54 + 90 + x = 180 Substitute. 
= 36 Subtract 144 from each side, 


A corollary is a theorem that can be proved easily using another theorem. Since a 
corollary is a theorem, you can use it as a reason in a proof. 


If 


Ifa triangle is equilateral, XY =WZ=m 
then the triangle is 
equiangular, 


x Zz 


Corollary If... y Then... Y 
Ifa triangle is LX a L4Ye2Z XY = ¥Z= 7X 
equiangular, then the an TaN 
triangle is equilateral. 

x Z x Zz 
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ge RCD Finding Angle Measures 


Design What are the measures of ZA, ZB, and 
ZADC in the photo at the right? 


Think Write 
‘The triangles are equilateral, 
so they are also equiangular. Let a = measure of one angle. 
Find the measure of each 3a = 180 
angle of an equilateral triangle, a=60 
in an equilateral triangle. mZA = m2B = 60 
Use the Angle Addition 
Postulate to find the mZADC = mZADE + mZCDE 
measure of ADC. 
Both “ADE and < CDE are 
angles in an equilateral mZADC = 60 + 60 
triangle. So mADE = 60 = 
and m2 CDE = 60, Substitute PaaS lc 
into the above equation 
and simplify. 


Got It? 3. Suppose the triangles in Problem 3 are isosceles triangles, where 2 ADE, 
ZDEC, and Z ECB are vertex angles. If the vertex angles each have a 
measure of 58, what are mZ A and m2 BCD? 


Lesson Check 


Do you know HOW? Do you UNDERSTAND? 
1. What is mZA? 4, What is the relationship between sides and angles for 
aA each type of triangle? 


a. isosceles 
b. equilateral 


She asked Sue to mark it, Explain why the marking of 


; a 
2. What is the value of x’ the diagram is incorrect. 


a. E 


30' 
A 


3. The measure of one base angle of an isosceles triangle 
is 23, What are the measures of the other two angles? 


b. 8 
A rat c 5. Error Analysis Claudia drew an isosceles triangle. 
b. | . t) a 
a 4 
N 


PowerGeometry.com Lesson 4-5 _Isosceles and Equilateral Triangles 253 


@ Practice and Problem-Solving Exercises 


@ ractice Complete each statement. Explain why itis true. @ See Problem 1. 
6. WF= 2 . 


Algebra Find the values of xand y. @ See Problem 2. 
10. 1. 12. 


110" 


(g 
13. An equilateral triangle and an isosceles triangle @ See Problem 3. 
share a common side. What is the measure of 2 ABC? 


@ rely 14, Architecture Each face of the Great Pyramid at 
= Giza is an isosceles triangle with a 76° vertex angle. D 
What are the measures of the base angles? 


15. Reasoning What are the measures of the base angles of a right isosceles 
triangle? Explain. 

Given isosceles AJKL with base JL, find each value. 

16. If mZL = 58, then mZLKJ = 2. K 

17. If JL = 5,then ML = _2.. 


18. If mZJKM = 48, then mZJ = 


19. IfmZJ = 55, then mZJKM = 
J MoL 


20. Think About a Plan A triangle has angle measures x + 15, 3x — 35, and 4x. What 
type of triangle is it? Be as specific as possible. Justify your answer. 
© What do you know about the sum of the angle measures of a triangle? 
© What do you need to know to classify a triangle? 
© What type of triangle has no congruent angles? Two congruent angles? Three 
congruent angles? 


21. Reasoning An exterior angle of an isosceles triangle has measure 100. Find two 
possible sets of measures for the angles of the triangle. 
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22. Developing Proof Here is another way to prove the Isosceles Triangle Theorem. 
Supply the missing information. 


Begin with isosceles AHKY with KH = K 
Draw a. _?_, a bisector of the base HJ. 
Given: KH = Kj,b. _?_ bisects HJ 
Prove: 2H = <j 
Statements H M J 


1) KM bisects HJ. 


2) HM=JM 

3) KH= KJ 3) Given 
4) KM = KM 4)e 2 
5) AKHM = AKJM 5) f.2 
6) 4H= 2) 6) g. 2. 


23. Supply the missing information in this statement of the Converse of the Isosceles 
Triangle Theorem. Then write a proof. R 
Begin with APRQ with ZP = 2Q. 
Drawa. _? , the bisector of 2 PRQ. 
Given: 2P = 2Q,b._?_ bisects 2PRQ 


Prove: PR = QR - + 6 
24. Writing Explain how the corollaries to the Isosceles Triangle Theorem and its 
converse follow from the theorems. E 


25. Given: AE = DE, AB = DC 
Pro! Prove: A ABE = ADCE 


A 8 Cc D 
26. Prove Theorem 4-5. Use the diagram next to it on page 252. 
Proof 
27. a. Communications In the diagram at the right, ~ . a 
what type of triangle is formed by the 1000 ft Radio 
cables of the same height and the ground? tower 


b. What are the two different base lengths ans fe tall 


of the triangles? 
¢. How is the tower related to each of 
the triangles? 600 ft 


28. Algebra ‘The length of the base of an isosceles 
triangle is x, The length ofa leg is 2x — 5. The 
perimeter of the triangle is 20. Find x, 


800 ft 


400 ft 


200 ft 
29. Constructions Construct equiangular triangle 


ABC. Justify your method. oft 


|-—450 ft—~|-——550 ft ——| 
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Algebra Find the values of mand n. 


30. 31. ' 32. 
126 Y 
is 
wr. 
Cy 
Q@haltenge Coordinate Geometry For each pair of points, there are six points that could be 
= the third vertex of an isosceles right triangle. Find the coordinates of each point. 
33. (4,0) and (0, 4) 34. (0, 0) and (5, 5) 35. (2, 3) and (5,6) 
36. Reasoning What measures are possible for the base angles of an acute 
isosceles triangle? 
Standardized Test Prep 
SATIACT 37. In isosceles AABC, the vertex angle is (A, What can you prove? 
@ AB = CB BD mB = mZc @QDLAH=zs @® BC=AC 
Q 
38. ALMN = APQR.Whatis LM? L 
Qs Ds w =‘& " 
@s Dw oie esd 
M 7] N 
39, Whatis the exact area of the base of a circular swimming pool with diameter 16 ft? 
@ 1018.29 ft? @ 1018.3 fe? © oar? D 2562 fe? 
Short 40. Suppose AABC and ADEF are nonright triangles. If 2B = 2E and AB = DE, 
Response what else do you need to know to prove AABC = ADEF? Explain. 
Nw 
ed Review 
T v G 
41, mZR = 59, MZT = 93 = MZH, MZV = 28, e See Lesson 4-4, 
and RT = GH. What, ifanything, can you 
conclude about RC and GV? Explain. R c H 


Then find the next two terms. @@ See Lesson 2-1. 


42, Find the pattem of the sequence M, 7, W, 
Get Ready! To prepare for Lesson 4-6, do Exercises 43 and 44. 


Can you conclude that the two triangles are congruent? Explain. @ See Lesson 4-2. 
43. ii 44, ] 
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Z 


Algebra 


Review 
Use With Lesson 4- 


Example 1 


Algebra Solve the system. y=are+5 


yexel 


y =x +1 Start with one equation. 
3x +5 =x +1 Substitute 3x + 5 fory. 
2x=-4 Solve forx. 


x=-2 


Substitute —2 for xin either equation and solve for y. 


y=x+1=(-2)+1=-1 


Since x = —2 and y = 1, the solution is (-2, —1). ‘This is the point of intersection of 


the (wo lines. 


‘The graph of a linear system with infinitely many solutions is one line, and the graph of 
a linear system with no solution is two parallel lines. 


Example 2 
Algebra Solve the system. xty=3 
4x + dy =8 
Start with one equation. 


4(3 — y) + 4y=8 
12-4y+4y=8 
122=8 


Since 12 = 8 isa false statement, the system has no solution. 


——____——————————— 


x =3—y- Solve the equation for x. 


You can solve a system of equations in two variables by using substitution. 


Substitute 3 ~ y forx in the second equation, 


Solve for y. 
False! 


Exercises 

Solve each system of equations. 

yax-4 2.2x-y=8 
y=3xt+2 x+2y=9 
S.y=xtl 6 x-y=4 
x=y-l 3x - 3y =6 


3. oxt+y=4 
“6x — 2y = 12 

2 y=-x+2 
ay=4- 


axty=-3 
8 y= 2-1 
y=3x-7 
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mamic Activity’ 
Congruent Right 


Congruence in Right 
Triangles 


Objective To prove right triangles congruent using the Hypotenuse-Leg Theorem 


One of the tent flaps was 
damaged in a storm. Can you use 
the other flap as a pattern to 
There isn't replace it? Explain 
a lesson for 
proving triangles 
congruent by Side- 
Side-Angle. That's 
because it only 
works in the right 
situations. 
& 


to two sides and the nonincluded angle of another triangle. 


(tog In the diagram below, two sides and a nonincluded angle of one triangle are congruent 


Triangles 


Q 
Lesson ‘ ‘ 
Vocabulary 
* hypotenuse 
ol of a right 
legs of a rig WA : = : ‘ 


triangle 


258 


Notice that the triangles are not congruent. So, you can conclude that Side-Side-Angle 
is nota valid method for proving two triangles congruent. This method, however, works 
in the special case of right triangles, where the right angles are the nonincluded angles. 


In aright triangle, the side opposite the 


right angle is called the hypotenuse. It is The right angle oc] Hypotenuse 
the longest side in the triangle. The other always “points" to — 
two sides are called legs. the hypotenuse. | 77) 


Essential Understanding You can prove that two triangles are congruent 
without having to show that all corresponding parts are congruent. In this lesson, 
you will prove right triangles congruent by using one pair of right angles, a pair of 
hypotenuses, and a pair of legs. 
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Theorem Hv: 

Ifthe hypotenuse APQR and AXYZ are right A, 
anda leg of one right PR = XZ, and PQ = XY 
triangle are congruent 


to the hypotenuse 
and a leg of another 
right triangle, then 
the wiangles are 
congruent. 


To prove the HL Theorem you will need to draw auxiliary lines to make a third triangle. 


Proof Proof of Theorem 4-6: Hypotenuse-Leg Theorem Pp x 
Given: APQR and AXYZ are right triangles, with right angles + 
Qand Y. PR = XZ and PQ = XY. 
Q Ry z 


Prove: APQR = AXYZ 


Proof: On AXYZ, draw ZY. x 


Mark point S so that YS = QR. Then, APQR = AXYS by SAS, ts 
Since corresponding parts of congruent triangles are congruent, 5 

PR = XS. Itis given that PR = XZ, so XS = XZ by the Transitive 

Property of Congruence. By the Isosceles Triangle Theorem, 


2S = £Z,so AXYS = AXYZ by AAS. Therefore, APQR = AXYZ 
by the Transitive Property of Congruence. 


To use the HL Theorem, the triangles must meet three conditions. 
Conditions 

© There are two right triangles. 

© The triangles have congruent hypotenuses. 

© There is one pair of congruent legs. 
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ACU Using the HL Theorem 


On the basketball backboard brackets shown below, 4 ADC and 2 BDC ar 
right angles and AC = BC, Are AADC and ABDC congruent? Explain. 


Proot 


Plan 

How can you 
visualize the two 
right triangles? 
Imagine cutting AABC 
along DC. On either 
side of the cut, you get 
triangles with the same 
leg DC. 


© You are given that 2ADC and 2 BDC are right angles. 
So, AADC and ABDC are right triangles. 


© ‘The hypotenuses of the two right triangles are AC and BC. 
You are given that AC = BC. 


* DCisacommon leg of both AADC and ABDC. DC = DC by the Reflexive Property 
of Congruence. 


Yes, AADC = ABDC by the HL Theorem. Pp Q 


Got It? 1. a. Given: ZPRS and ZRPQ are_ 
right angles, SP = QR 
Prove: APRS = ARPQ Ss R 
b. Reasoning Your friend says, “Suppose you have two right triangles with 
congruent hypotenuses and one pair of congruent legs. It does not matter 


which leg in the first triangle is congruent to which leg in the second 
triangle. ‘The triangles will be congruent!’ Is your friend correct? Explain. 
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proc Writing a Proof Using the HL Theorem 
Given: BE bisects AD at 
Plan AB 1. BC, DE 1. EC, AB = DE c 
Hew an yon te Prove: AABC = ADEC A , 
een te eee BE bisects AD. Ke = 0E 
Prove that the Given Det. of bisector 
hypotenuses are 
congruent. 
HBL BC ABC and ABC and ADEC 
DE. EC DEC are are right 4. 
he asnee Def. of right triangl ABC = ADEC 
Given : Jef. of right triangle y 
Def. of 1 lines HL Theorem 
A = DE 
Given 
ete: C. 
@ Got It? 2. Given: CD = FA, AD is the perpendicular 
bisector of CE A B D 


Prove: ACBD = AEBA 


7) Lesson Check 


Do you know HOW? 


Are the two triangles congruent? If so, write the 


congruence statement. 


1 A 2. 

F 10 
Ay, 
C¢« 8 E 


3. 8 4. 
toe" 
K x 
L T 


N 
4 ° 
R 

. 
Vv 


Do you UNDERSTAND? 


5. 


Hal 


Vocabulary A right triangle has side lengths of 
5 cm, 12 cm, and 13 cm. What is the length of the 
hypotenuse? How do you know? 


Compare and Contrast How do the HL Theorem and 
the SAS Postulate compare? How are they different? 
Explain. 

Error Analysis Your classmate says that there is not 
enough information to determine whether the two 
triangles below are congruent. Is your classmate 
correct? Explain. 


M 
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Congruence in Right Triangles 


XS Practice and Problem-Solving Exercises 


Qpractice 8. Developing Proof Complete the flow proof. 1 @ See Problem 1. 


s 
PS = PT, 2PRS = PRT 
APRS = APRT 


Give 


Prove 
PRS and 2 PRT are =. ZPRS and < PRT APRS and APRT 
Given are right 4. are right 4. 
a. b.2 
PRS and £PRT PS = PT 
are supplementary. a2 
4 that form a linear mena 
pair are supplementary. PR=PR ea 
d2 
9. Developing Proof Complete the paragraph proof. : D 
Given: 2A and 2D are right angles, AB = DE ah 
Prove: AABE = ADEB 
Proof: Itis given that 2A and 2D are right angles. So, a._?_ by the A E 
definition of right triangles. b._?_, because of the Reflexive Property of 


Congruence. It is also given that ¢._?. So, AABE = ADEB by d._? 


10. Given: HV | GT, GH = TV, 


: Vir: 11. Given: PM @ See Problem 2. 
Tis the midpoint of HV PT 1. 7,RM 17, 
Prove: AIGH = AITV Mis the midpoint of 7] 
G Prove: APTM = ARM) 
I v P 


Qyry Algebra For what values of x and y are the triangles congruent by HL? 


12. 13,0 3ytx 
%; i ¥ ao = x — aes 
yes 


14. Study Exercise 8. Can you prove that APRS = A PRT without using the HI. 
‘Theorem? Explain. 
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15. Think About a Plan AABC and APQR are 
right triangular sections of a fire escape, 
as shown. Is each story of the building the 
same height? Explain. 
© What can you tell from the diagram? 
¢ How can you use congruent triangles here? 


16. Writing “A HA!” exclaims your classmate. 
“There must be an HA Theorem, sort of 
like the HL Theorem!" Is your classmate 
correct? Explain. 


17. Given: TU, RS 1 ST, TU 1 UV, 18. Given: ALNP is isosceles with base NP, 
tow Tis the midpoint of RV Proot MN | NL, OP | PL, ME = QL 
Prove: ARST = ATUV Prove: AMNL = AQPL 


R L 
M Q 
Q U " NP 
Constructions Copy the triangle and construct a triangle congruent 
to it using the given method. 


19. SAS 20. HL 


21. ASA 22. SSS 


23, Given: AGKE is isosceles with base GE, 24, Given: LO bisect: 
Proof ZLand 2D are right angles, and Proof OM LT 
Kis the midpoint of LD. Prove: ALMO 


M 


,ON LT 
ALNO 


tO cP ° 


L N 


G E c 
25. Reasoning Are the triangles congruent? Explain. F 
5 
13 5 
B 
E 
13 
A D 
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26, a. Coordinate Geometry Graph the points A(—5, 6), B(I, 3), D(-8, 0), and E(—2, —3). 


Draw AB, AE, BD, and DE. Label point C, the intersection of AE and BD. 
b. Find the slopes of AE and BD. How would you describe 2 ACB and 2 ECD? 
¢. Algebra Write equations for AE and BD. What are the coordinates of C? 
d. Use the Distance Formula to find AB, BC, DC, and DE. 
e. Write a paragraph to prove that AABC = AEDC. 


Q@craltenge Geometry in 3 Dimensions For Exercises 27 and 28, use the figure at the right. B 


= 


27. Given: BE 1 EA, BE 1 EC, AABC is equilateral 
Prove: AAEB = ACEB 

28. Given: AAEB = ACEB, BE 1 FA, BE | EC 
Can you prove that AABC is equilateral? Explain, A 


Standardized Test Prep Sacuit 
00 


SATIACT 29. You often walk your dog around the neighborhood. 
Based on the diagram at the right, which of the Park (P) 
following statements about distances is true? 


@ SH = LH @® SH> LH 
@® PH = CH D PH < CH Library (L) 

30. What is the midpoint of LM with endpoints L(2, 7) and M(5, —1)? 
@® (35, 3) @® (2,45) x 
@® (35,4) D(7,6) 


Short 31, In equilateral AXYZ, name four pairs of congruent right P, Q 
(Response triangles. Explain why they are congruent. 


café (©) 


Mixed Review 


Home (H) 


For Exercises 32 and 33, what type of triangle must ASTU be? Explain. @ See Lesson 4-5. 


32. ASTU = AUTS 33. ASTU = AUST 


Get Ready! To prepare for Lesson 4-7, do Exercises 34-36. 


Can you conclude that the triangles are congruent? Explain. @® See Lessons 4-3 and 4-6, 


34. AABC and ALMN 35. ALMN and AHJK 36. ARST and AABC 


B T L J 

fils : ae 

A C M , 
‘ N 
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Congruvence in 
Overlapping Triangles 


Objectives To identify congruent overlapping triangles 
To prove two triangles congruent using other congruent triangles 


Sie An assignment for your graphic design class is to 


make you dizzy? make a colorful design using triangles. How many 
Try to see each triangles are in your design? Explain how you 
one. Then learn count them. 

some tricks that 


may help you. 


In the Solve It, you located individual triangles among a jumble of triangles. Some 
triangle relationships are difficult to see because the triangles overlap. 


Essential Understanding You can sometimes use the congruent corresponding 
parts of one pair of congruent triangles to prove another pair of triangles congruent. 
‘This often involves overlapping triangles. 


Overlapping triangles may have a common side or angle. You can simplify your work 
with overlapping triangles by separating and redrawing the triangles. 


Identifying Common Parts 


What common angle do AACD and A E 
2 2 
How can you see an AECB share? 
individual triangle in Separate and redraw AACD and AECB. 8 D 
order to redraw it? 
Use your finger to A E c 
trace along the lines = D a a 
connecting the three 
vertices. Then cover up c C 
any untraced lines. 


‘The common angle is ZC. 


Got It? 1, a. Whatis the common side in AABD and 8 
b. What is the common side in AABD and 


ABAC? 


PowerGeometry.com, 
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Pract EC) Using Common Parts 


Given: 2ZXW = ZYWX, 2ZWX = ZYXW 
Prove: ZW = YX 


22XW = LYWX 
Given 
Wx= Wx AZWX = AYXW ZW = YX 
Reflexive Prop. of = ASA Corresp. parts of 
=Aare=. 
ZW = 2YXW 
Given 
A 8 


@ Gort? 2, Given: AACD = ABDC 
Prove: CE = DE 


proof ECU Using Two Pairs of Triangles 
Given: In the origami design, E is the midpoint of AC and DB. 


Prove: AGED = AJEB 


Proof: Eis the midpoint of AC and DB, so AE = CE 
and DE = BE, AED = 2 CEB because vertical 
angles are congruent. Therefore, AAED = ACEB 
by SAS. 2D = ZB because corresponding 
parts of congruent triangles are congruent. 
2GED = ZJEB because vertical angles are 
congruent. Therefore, AGED = AJEB by ASA. 


266 Chapter 4 Congruent Triangles 


@ Gort? 3. Given: PS = RS, 2PSQ = ZRSQ Q 
Prove: AQPT = AQRT Pp R 


When several triangles overlap and you need to use one pair of congruent triangles to 
prove another pair congruent, you may find it helpful to draw a diagram of each pair of 
triangles. 


proct Eee) Separating Overlapping Triangles 


Given: CA = CE, BA = DE c 
8 D 

Plan A = 
Which triangles are a ee B D 
useful here? foxy 
if ABKA = ADXE, A E wey 
then BX = DX A EA E 
because they are 
corresponding parts. If 
‘ABAE = ADEA, Statements Reasons 
you will have enough 1) BA =DE 1) Given 
information to show ae 7 
‘ABXA = ADXE. 2) CA=CE 2) Given 

3) ZCAE= ZCEA 3) Base 4 of anisosceles A are =. 

4) AE = AE 4) Reflexive Property of = 

5) ABAE = ADEA 5) SAS 

6) ZABE = ZEDA 6) Corresp. parts of = A are =. 

7) ZBXA = ZDXE 7) Vertical angles are =. 

8) AAS 
9) Corresp. parts of = A are =. 


Got It? 4. Given: CAD = ZFAD, ZC = 2E 


Prove: BD = FD 
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y) Lesson Check 


Do you know HOW? 


Identify any common angles or sides. 


1. AMKJ and ALJK 2. ADEH and ADFG 
M L Ge 
SZ <X 
H 
J K J 


Separate and redraw the overlapping triangles. Label 
the vertices. 


3. N P 4. 8 
SZ] “tk 
M o 3 


Do you UNDERSTAND? 
5. Reasoning In Exercise 1, both triangles have vertices 
Jand K. Are ZJ and 2K common angles for AMKJ 
and ALJK? Explain. 


Error Analysis In the diagram, P. 5 
APSY = ASPL. Based on that 

fact, your friend claims that x 

APRL # ASRY. Explain why 

your friend is incorrect. L Y 


“ 


. In the figure below, which pair of triangles could 
you prove congruent first in order to prove that 
AACD = ACAB? Explain. 


@ Practice and Problem-Solving Exercises 


cA Practice 


common side or angle. 


In each diagram, the red and blue triangles are congruent. Identify their 


@ See Problem 1. 


8K P 9. £ 10.x T 
t bd ee ‘ 
6 F 
M4 y z 


Separate and redraw the indicated triangles. Identify any common angles 


or sides. 


11. APQS and AQPR 


12. AACB and APRB 


13. AJKL and AMLK 


i ¥ A 
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© 


Apply 


14. Developing Proof Complete the flow proof. Pp @ See Problem 2. 


Given: 2T = £8, PQ = PV 
Prove: /PQT = / PVR y, 0 
$ 
eT=2R T R 
a? 
2TPQ = RPV ATPQ = ARPV 2PQT = /PVR 
b. 2. d. 2 
PQ =PV 
«2 
15. Given: RS = UT, RT = US 16. Given: QD = UA, 2QDA = ZUAD 
Prove: ARST = AUTS Prat Prove: AQDA = AUAD 
S. T 0 u 
' u xf 
vin; 
W rf D A 
17. Given: 21 = 22,23 = 24 18. Given: AD= ED, @ See Problems 3 and 4. 
AQEU Proof Dis the midpoint of BF 


Prove: AADC = AEDG 


u 
E 
19. Think About a Plan In the diagram at the right, 2V = 2S, PQ 
VU = ST, and PS = QV. Which two triangles are congruent 
by SAS? Explain, w, R 


* How can you use a new diagram to help you identify 
the triangles? Vv 
© What do you need to prove triangles congruent by SAS? U T 


Congruence in Overlap, 


20. Clothing Design ‘The figure at the right is part of a clothing 
design pattern, and ithas the following relationships. 


AB || DE || FG 

mZA = 50 

ADEC is isosceles with base DC. 

a. Find the measures of all the numbered angles in the figure. 


b. Suppose AB = FC. Name two congruent triangles and 
explain how you can prove them congruent. 


22. Given: QT 1 PR, QT bisects PR, 
OT bisects 2 VQS 


Open-Ended Draw the diagram described. 


23. Drawa vertical segment on your paper. On the right side of the segment draw two 
triangles that share the vertical segment as a common side. 


24, Draw two triangles that have a common angle, 


25. Given: TE = RI, Tl = RE, 26. Given: AB 1 BC, DC 1 BC, 

ZTDI and ZROE are right A AC = DB 

Prove: TD = RO Prove: AE = DE 
T Ui D 

E 
ee 
LA \ 

E: R . 


Q@cnattenge 27. Reasoning Draw a quadrilateral ABCD with AB || DC, AD | BC, and diagonals AC 
= and DB intersecting at E. Label your diagram to indicate the parallel sides. 

a. List all the pairs of congruent segments in your diagram. 

b. Writing Explain how you know that the segments you listed are congruent. 
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28. Identify a pair of overlapping congruent triangles in the 
diagram. Then use the given information to write a proof 
to show that the triangles are congruent. 


Given: AC = BC, 4A = 2B 


Standardized Test Prep 


A 8 
F 
D € 
c 
ooo 
satiact 29. According to the diagram at the right, which statements true? G 
@® ADEH = AGFH by AAS 7 
B® ADEH = AGFH by SAS Py 
© ADEF = AGFE by AAS E 
D 


@® ADEF = AGFE by SAS 


30. A ABC is isosceles with base AC. If mZ.C = 37, what is m/B? 


ev Qu @D 106 Dis 
31. Which word correctly completes the statement “All _?_ angles are congruent"? 

D adjacent D supplementary HD right D corresponding 
Extended 32. In the figure, IJ || GK and Mis the midpoint of LG. A Gc 
Re 

eo a. Copy the diagram. Then mark your diagram with the given information. 
b. Prove ALJM = AGKM. 
¢. Can you prove that ALJM = AGKM another way? Explain. L 4 


Mixed Revie 

33. Developing Proof Complete the paragraph proof. @ See Lesson 4-6. 
Given: AB = DB, 2A and ZD are right angles D 
Prove: AABC = ADBC 
Proof: You are given that AB = DB and ZA and Dare right & 
angles. AABC and ADBC are triangles by the definition of 
b. _? triangle. BC = BC by the c. _?_ Property of Congruence. a I, 
ABC = ADBC by the d. _? Theorem. 

34. Constructions Draw a line p and a point M not on p. Then construct line n @ See Lesson 3-6. 
through M so that n 1 p. 

Get Ready! To prepare for Lesson 5-1, do Exercises 35-37. 

Find the coordinates of the midpoint of AB. @ See Lesson 1-7. 


35. A(—2, 3), B(4, 1) 36. A(0, 5), B(3, 6) 37, A(7, 10), B(—5, —8) 


PowerGeometr 


To solve these 
problems you 

will pull together 
many concepts 
and skills that 
you have studied 
about congruent 
triangles 


Pull it All Together 


BIG ideo Visualization 
‘The corresponding parts of congruent triangles are the parts that match if you place the 
triangles on top of each other. 


Task 1 


Copy the diagram below. A.GAB is isosceles with vertex angle A and A BCD is isosceles 
with vertex angle C, Is ABGH congruent to (BDH? Justify your reasoning. 


A 


BIG ideo Reasoning and Proof 

You can prove triangles congruent if you know that certain relationships exist between 
corresponding parts. If you know that triangles are congruent, you know that all their 
corresponding parts are congruent. 


Task 2 


You and some neighbors are landscaping a community park. The organizer of the 
project selects an area for two congruent triangular rock gardens. You agree to be in 
charge of placing the pieces of wood to outline the gardens, The only tools you have are 
a saw, a protractor, and two very long pieces of wood. Describe one way to guarantee 
that the triangular outlines will be congruent, Justify your answer. 
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@ Chapter Review 


Connecting BIG ideas and Answering the Essential Questions 
pe talicllate Rh Bele ERelils Raliascalil 


1 Visualization Congruent Figures (Lesson 4-1) 
You can identify BE 
corresponding parts of AABC = ADEF < > D 
congruent triangles by 
visualizing the figures (ald 


placed on top of each 


other. 
Using Corresponding Parts 

2 Reasoning Proving Triangles Congruent of Congruent Triangles 

and Proof (Lessons 4-2, 4-3, and 4-6) (Lessons 4-4 and 4-7) 

You can show two Side-Side-Side (SSS), Side-Angle-Side (SAS), IFALMN = AQRS 

triangles are congruent Angle-Side-Angle (ASA), Angle-Angle-Side (AAS), M 

by proving that certain Hypotenuse-Leg (HL) 

relationships exist jes N 

between three pairs of t 5 <7 Q 

corresponding parts. 

R 

3 Reasoning 

and Proof isosceles and Equilateral Triangles 

You can tell whether (Lesson 4-5) 

a triangle is isosceles ‘© The base angles of an isosceles triangle 

or equilateral by 


are congruent. 
* All equilateral triangles are equiangular. 
« All equiangular triangles are equilateral. 


looking at the number 
of congruent angles 
or sides. 


Chapter Vocabulary 


¥ 


base angles of an isosceles triangle _* corollary (p. 252) * vertex angle of an isosceles triangle 
(p. 250) * hypotenuse (p. 258) (p. 250) 

+ base of an isosceles triangle (p. 250) __* legs of an isosceles triangle (p. 250) 

* congruent polygons (p. 219) * legs of a right triangle (p. 258) 


Choose the correct term to complete each sentence. 


1. The two congruent sides of an isosceles triangle are the _?. 


2. The side opposite the right angle of a right triangle is the _?_. 
3. A _?_ toa theorem is a statement that follows immediately from the theorem. 


4, _2_ have congruent corresponding parts. 
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4-1 Congruent Figures 


Quick Review Exercises 


Congruent polygons have congruent corresponding RSTUV = KLMNO. Complete the congruence statements. 
parts, When you name congruent polygons, always list 
corresponding vertices in the same order. 


Example 


HIJK & PQRS. Write all possible congruence statements. 


‘The order of the parts in the congruence statement tells you Ww, 3S ts 
ae Van 
Sides: HI = PQ, 1] = QR, JK = RS, KH = SP x2 Y & a Pp 
Angles: ZH = ZP, £1 & 2Q, ZJ ® ZR, £K= LS 
9. mzP 10. QR 11. Wx 
12. mZZ 13. mZX 14. mZR 


4-2 and 4-3 Triangle Congruence by SSS, SAS, ASA, and AAS 


Quick Review Exercises 

‘You can prove triangles congruent with limited information 15. In AHFD, what angle is included between DH 
about their congruent sides and angles. and DF? 

Postulate of AB eoree osneed 16. In AOMR, what side is included between 
Side-Side-Side (SSS) three sides 2M and 2R? 

Side-Angle-Side (SAS) two sides and an 


Which postulate or theorem, if any, could you use to 


included angle prove the two triangles congruent? If there is not enough 
Angle-Side-Angle (ASA) two angles and an information to prove the triangles congruent, write not 
included side enough information. 
Angle-Angle-Side (AAS) two angles anda 


17. 18. 
nonincluded side: > ip 
Example 
What postulate would you use to 19. 20. 
prove the triangles congruent? 
You know that three sides are 
congruent. Use SSS. 
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4-4 Using Corresponding Parts of Congo Triangles 


Quick Review 

Once you know that triangles are congruent, you can make 
conclusions about corresponding sides and angles because, 
by definition, corresponding parts of congruent triangles 
are congruent. You can use congruent triangles in the 
proofs of many theorems. 


Example 
How can you use congruent triangles to prove 2Q ® ZD? 
w "Rar 
Q E Vv 


Since AQWE = ADVK by AAS, you know that 2Q = 2D 
because corresponding parts of congruent triangles 
are congruent, 


4 


Quick Review 

Iftwo sides ofa triangle are congruent, then the 

angles opposite those sides are also congruent by 

the Isosceles Triangle Theorem. If wo angles of a 
triangle are congruent, then the sides opposite the 
angle are congruent by the Converse of the Isosceles 
Triangle Theorem. 

Equilateral triangles are also equiangular. 


Example 
What is mZG? 


Since EF = EG, 2F = 2G by the 
Isosceles Triangle Theorem. So 
mZG = 30. 


Exercises 


How can you use congruent triangles to prove the 
statement true? 


21.17V= Yw 
v 


23, 4B= 2D 


> 


-5 Isosceles and Equilateral Triangles 


Exercises 
Algebra Find the values of xandy. 
26. 


PowerGeometry.com 
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4-6 Congruence in Right Triangles 


Quick Review 


Ifthe hypotenuse and a leg of one right triangle are 
congruent to the hypotenuse and a leg of another 
right triangle, then the triangles are congruent by the 
Hypotenuse-Leg (HL) Theorem. 


Example 


Which two triangles are congruent? Explain. 
8B M. 
en 
TaN \ 
x 


Since AABC and AXYZ are right triangles with congruent 
legs, and BC = YZ, AABC = AXYZ by HL. 


4-7 Congruence in Overla 


Exercises 
Write a proof for each of the following. 
29. Given: IN 1 K. 


Prove: AKLN = AMLN 
L 


ing Triangles 


Quick Review 


‘To prove overlapping triangles congruent, you look for the 
common or shared sides and angles. 


Example 
Separate and redraw the 
overlapping triangles. 
Label the vertices. 

D Cc 


Se =e 
D c 
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K N M 
30. Given: PS | SQ, RO 1 OS, y 
PQ = RS 
Prove: APSQ = ARQS Q 5 
R 
} 
Exercises 


Name a pair of overlapping congruent triangles in each 
diagram. State whether the triangles are congruent by 
SSS, SAS, ASA, AAS, or HL. 


"fs 
EaDmeecers 


BaF G 


pea 


__ | Chapter Tes y a 
SS = 


Do you know HOW? 


Write a congruence statement for each pair of triangles. 


a P L 


Y A 


E 


Which postulate or theorem, if any, could you use 
to prove the two triangles congruent? If not enough 
information is given, write not enough information. 


3. 


4 


6. 


8. ACEO = AHDF. Name all of the pairs of 
corresponding congruent parts. 


9, Algebra Find the value of x. 


eine 


Name a pair of overlapping congruent triangles in each 
diagram. State whether the triangles are congruent by 
SSS, SAS, ASA, AAS, or HL. 


iC D 

F tJ 

11. Given: RT Q R 
i= Ky 


Do you UNDERSTAND? 
12. Reasoning Isosceles AABC, with right 2B, has 


apoint D on AC such that BD 1 AC. Whatis the } 
relationship between AABD and ACBD? Explain. 


Write a proof for each of the following. 


G 
A 
Ss 
L 
N 


13. Given: AT = GS, 
ar | 


S 
Prove: AGAT = ATSG 


14. Given: LN bisects 2OLM 
and ZONM. 


Prove: ON = MN. 
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Some test questions ask you 

to compare geometric figures. 
Read the sample question at 
the right. Then follow the tips to 
answer it, 


TIVP\S) FOR SUCCESS) 


In the coordinate plane, the vertices of 
AABC are A(—2,5), B(2, 5), and C(—2, 2). 
Which of the following are the side lengths 
for ADEF, such that AABC = ADEF? 


@® DE =3,DF =4,EF=4 
® DE =3,DF = 4,EF=5 
© DE = 4,DF = 3,EF =5 
@® DE = 4,DF = 5,EF =5 


Think It Through 

Vertices A and B have the same 
y-coordinate and vertices A and C 
have the same x-coordinate, so 
AB = |-2 — 2| = |-4| = 4 and 


AC = [5 — 2| = |3| =3. 

By the Distance Formula, 

BC = V(4)? + (3)? = V25 =5. 
So DE = AB = 4, DF = AC = 3, 
and EF = BC = 5, ‘The correct 


Vocabulary Builder 


Asyou solve test items, you must 
understand the meanings of mathematical 


terms, Match each term with its 
mathematical meaning. 
A. slope I. lines that intersect to form 
7 right angles 
B. perpendicular 
lines Il. having the same size and 
shape 
C. polygon 


: Ill. a conclusion reached by 
D. conjecture inductive reasoning 


E. congruent 4, a closed plane figure with 


at least three sides that are 
segments 

V. the ratio of the vertical 
change (rise) to the 
horizontal change (run) 


answer is C. 


Multiple Choice 


Read each question. Then write the letter of the correct 
answer on your paper. 
1. Given: DE | CB, A 
ZADE = ZAED 
Prove: AC = AB 
Proof: Since DE || CB, D E 
ZACB = ZADE and 
ZAED = ZABC by 
the Corresponding 7 
Angles Postulate. Since © 
ZADE = ZAED, ZACB = ZABC by the 
‘Transitive Property. Which theorem or 
definition proves that AC = AB? 
® lsosceles Triangle theorem 
®D Converse of Isosceles Triangle Theorem 
© Alternate Interior Angles Theorem 


@D Definition of congruent segments 


£ 


2. Which statement must be true for two polygons to be 6. Which condition allows you to prove that ¢ || m? 
congruent? 
© Allthe corresponding sides should be congruent. Ns 


©® All the corresponding sides and angles should 2\3 
be congruent. 


GD Allthe corresponding angles should be congruent. 
©® Ailsides in each polygon should be congruent. 


3. If ABC = ACDA, which of the following must @B=28 @D 3=44 
be true? @ 2=28 @D 43=245 


A 
7 7. A line passes through (3, —4) and has a slope of —5. 
How can you find the y-intercept of the graph? 


® Substitute —5 for b, —4 for.x, and 3 for yin 


D a y = mx + b. Then solve for m, the y-intercept. 
ees © Substitute —5 for b, 3 forx, and —4 for yin 

@® AB=CA @ 4CAB= ZACD y = mx + b. Then solve for m, the y-intercept. 
@® BC=DC DD ABC = 2CAD ©} Substitute —5 for m, —4 forx, and 3 foryin 


y = mx + b, Then solve for b, the y-intercept. 


®D Substitute —5 for m, 3 for x, and —4 for yin 
y = mx + b, Then solve for b, the y-intercept. 


Given: 41 = 22, AB = AC 
What additional information do you need to prove 
AABD = AACE by AAS? 
7 : A 8.Given: ARST = ALMN 
] Which reason could you use to prove that 2R = ZL? 
@ sAs 
@ sss 
Ps A jas @® ASA 


D E c: 
& Corresponding parts of congruent triangles 
are congruent. 


9. Which equation represents the perpendicular bisector 


of the it shown? 
5. Which of the following statements is true? See ee 


| @Dy=x-3 
® Point, line, and plane are undefined terms. a tas 
@® x 3y= 
&® A theorem is an accepted statement of fact. é i F 
© y=3r 
©& “Vertical angles are congruent” is a definition. 7 
Drty=3 ¥ 


D A postulate is a conjecture that is proven, 
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10. One bag of garden soil covers approximately 16 ft®. If 
ittakes 167 ft of fencing to enclose a circular garden, 
how many bags of soil do you need to cover 


the garden? 
@ bags GD 13 bags 
@® 7 bags ®D 16 bags 


ERIDIDED RESPONSE 


11. What is the value of xin the figure below? 


D 
Zhe. 
E F 


12. The length of a rectangle is seven more than three 
times its width. If the perimeter is 38 cm, what is the 
area, in square centimeters, of the rectangle? 


13. What is the value of x in the figure below? 


14. ABCD = WXYZ. What is WX? 


A 38 Y 
z 
D be : 
r) 
c x w 


15. Amy is designing a ramp up toa 16-in.-high 


skateboarding platform, as shown on the graph below. 


Ifshe wants the slope of the ramp to be 4, what value 
should she choose for the x-coordinate at the top of 
the ramp? 


y («, 16) 


(60, 16) 


(60, 0) 


Short Response 


16. Describe how the following everyday meanings 
of acute and obtuse help you to remember their 
mathematical meanings. 


acute adj. Having a sharp point 
obtuse adj. Not sharp or pointed; blunt 
17. Write a proof for the following. 


Given: AE 
Prove: AAEB = ADEC 

A D ; 
B c 


Extended Response 


18. Read this excerpt from an online news article. 


Halley's Comet can be seen periodically at its perihelion, the 
shortest distance from the sun during its orbit. Mark Twain was 
born two weeks after the comet's perihelion. In his 

biography he said, “I came in with Halley's Comet in 1835. Itis 
‘coming again next year, and | expect to go out with it." Twain 
died in 1910, the day after the comet's perihelion. The most 
recent sighting of Halley's Comet was in 1986. Its next 
appearance is expected in 2061. 


a. Make a conjecture about the year in which 
Halley’s Comet will appear after 2061. Explain 
your reasoning. 

b. How confident are you about your conjecture? 
Explain. 


19. The coordinates of the vertices of rectangle LMNK 
are L(—2, 5), M(2, 5), N(2, 3), and K(—2, 3). The 
coordinates of the vertices of rectangle PQRS are 
P(3, 0), Q(3, —3), ROL, —3), and S(1, 0). Are these two 
rectangles congruent? Explain why or why not. If 
not, how could you change the vertices of one of the 
rectangles to make them congruent? 


